We show that a 1-complex K topologically embedded in the interior of a topological re-manifold M, n >3, satisfies the cellularity criterion if for each arc Ain K, M -A is 1-LC at an endpoint of A. This condition is satisfied if each arc in K is LPU at an endpoint. An example is given to show that it is not sufficient to suppose that each arc in K satisfies the cellularity criterion.
Introduction.
An important concept in the study of manifolds has been that of cellularity; in turn, one of the most useful tools in the study of cellularity has been the cellularity criterion of McMillan [14] . During the study of these notions, several results have been obtained which imply that if a continuum satisfies the cellularity criterion, then certain of its subcontinua also do. As an example, a result of McMillan [15, Theorem 1 ] implies that if K is a contractible 1-complex topologically embedded in the interior of an re-manifold, « 2:3, and K satisfies the cellularity criterion, then each subcomplex of K also does. In this paper we turn the problem about; that is, we seek properties of subcontinua which imply that a continuum satisfies the cellularity criterion.
The starting point for our investigations was a conjecture of Stewart [l7, Conjecture 5] to the effect that an «-frame is cellular in E3 if each arc in it is cellular. Its truth would provide a nice complement to the result of McMillan mentioned above. In §4 we show that the conjecture is false. In particular we construct, for «2:3, an «-frame in E3 each of whose (« -l)-frames is cellular but which is not itself cellular. The construction is similar to the construction of an arc given in [l] by Alford.
In §3 we give a sufficient condition (Theorem 2) for an arc of continua to satisfy the cellularity criterion. Applying this result to 1-complexes, we show (Theorem 3) that a contractible 1-complex K topologically embedded in the interior of an «-manifold M, «2:3, satisfies the cellularity criterion if for each arc A in K, M -A is 1-LC at an endpoint of A. Another result (Theorem 1) shows that a K' has this property provided each arc in K' is LPU at an endpoint. If the ambient manifold were En or Sn, a result of Doyle [8] could be used to conclude that each arc in such a K' satisfies the cellularity criterion; however, by the examples of §4, this would not in itself imply that K' satisfies the cellularity criterion.
2. Definitions and notations. We use En to denote re-dimensional Euclidean space with its usual metric, Dn to denote the unit ball in E", and Sn to denote the unit sphere in £n+I. If M is a manifold, we use Bd M and Int M to denote the boundary and interior of M. Throughout, the term manifold is used in the topological sense; that is, we never assume that a manifold supports a piecewise linear or differentiable structure.
Let M be an re-manifold and ATCInt M a continuum. We say that X is UV°° if for each open set UZ)X there exists an open set V such that ZC YE U and V is contractible in U. This is actually a topological property of X; that is, if XElnt
Mis UV", then any homeomorph of X in any manifold is also UV" [2] . X is said to satisfy the [9] . If AEM is an arc and p is an endpoint of A, then A is LPU at p if there are arbitrarily small re-cells whose interiors contain p and whose boundaries intersect A in a single point [l2] . We have stated these definitions only for the special cases required in this paper; their generalizations can be found in [9] and [l2].
If A is an arc with endpoints p and q, we shall sometimes find it convenient to denote A by [pq], A -p by (pq\, etc. We use [a, b] to denote the real numbers t such that a^t^b.
3. Some conditions which imply the cellularity criterion. Remarks, (i) Using [10, Example 1.1 ] it is easy to construct in E3 an arc which is LPU at each endpoint but whose complement fails to be 1-LC at both endpoints.
(ii) Let A be an arc of the simple closed curve described by Bing in [3] . Then E3-A is 1-LC at each endpoint of A but A fails to be LPU at both endpoints. Hence the converse of Theorem 1 is false.
Let X be a continuum. We say that h represents X as an arc of subcontinua if h is a map from X onto [O, 1 ] such that h~l(t) is connected for each t. E3-h2\[a, b\) is 1-LC at h2\a) (or h2\b)) if a^l/2 (or b^l/2).
Hence condition (1) is also necessary for the proof of Theorem 2.
(iv) The idea of the proof of Theorem 2 can also be used to obtain some results on unions of continua. For example: Suppose G, C2, and CiKJC2 are UV°° continua in the interior of the n-manifold M, n^3. Then CiUC2 satisfies the cellularity criterion if Ci satisfies the cellularity criterion and M -(CiUC2) is 1-LC at C2. Hence, if «7^4, K is cellular.
Proof. Each contractible 1-complex K has an abstract simplicial triangulation T(K) which is "minimal" in the sense that no vertex of T(K) is a face of exactly two 1-simplexes. We prove the theorem by induction on the number of 1-simplexes, #(P), of T(K). If #(P) =1, then K is an arc and the result follows immediately from Theorem 2. 4. A condition which does not imply the cellularity criterion. By an n-frame we mean the union of re arcs intersecting only in a common endpoint. Debrunner and Fox [7] have constructed, for re = 3, an re-frame in E3 which is wild but each of whose (re -1)-frames is tame. In this section we construct, for re ^3, an re-frame Kn in £3 which is noncellular but each of whose (re -l)-frames is cellular. By construction, Kn shall lie on a sphere which is locally tame modulo K". Remark, (vii) Cantrell [6] has shown that there does not exist a "mildly wild" «-frame in E" if q 2:4; that is, an «-frame in E" is tame if each of its (« -l)-frames is. It would be interesting to determine if there is a noncellular «-frame in £3, ^2:4, each of whose (« -1)-frames is cellular. Brown [5] has shown that there is a noncellular arc in E", q 2:3, each of whose proper subarcs is cellular.
Added in Proof. Using some recent results of J. L. Bryant, C. L. Seebeck III, and R. J. Daverman and W. T. Eaton, an answer can now be given to the question raised in Remark (vii). Specifically, one can construct, for each « 2: 3 and q 2: 3, an «-frame in Eq which is noncellular but each of whose (« -l)-frames is cellular. Details of the construction will appear in another paper.
